We propose an agile-beam non-orthogonal multiple access (NOMA) scheme for millimeter wave (mmWave) communication networks. The agile-beam NOMA scheme can flexibly switch between the single/multi-beam NOMA transmission depending on the angular phase difference. In particular, we derive the asymptotic switching point with equal power and antennas resource allocation in a large number of BS antennas, which enables base station (BS) to make preliminary selection on beam mode. Furthermore, the optimization problem of maximizing the achievable sum rate in the agile-beam NOMA scheme is formulated and then decomposed into two subproblems, i.e., maximizing the sum rate in single-beam case and multi-beam case. And the optimal solution of power and antennas allocation is provided. Moreover, the proposed agile-beam NOMA scheme is extended to more general multi-user case. Simulation results verify the effectiveness of the asymptotic switching point compared with exact switching point. With the sum rate obtained by intelligent optimization algorithm as a benchmark, the optimal solution is validated in simulation. In addition, the sum rate with optimal resource allocation achieves significant gain over equal resource allocation.
I. INTRODUCTION
In order to meet the explosively increasing traffic demand, millimeter wave (mmWave) communication and non-orthogonal multiple access (NOMA) have been considered as two promising enabling technologies in 5G and beyond wireless networks [1] - [3] . Compared with traditional sub-6 GHz mobile communication networks, mmWave communication promises a much higher capacity thanks to abundant spectrum resource. Supporting massive connections is one of the major goals of 5G and beyond wireless networks, especially when mmWave band is utilized. As a promising multiple access (MA) technique, NOMA has a potential to support massive connectivity and provides a superior spectrum efficiency [4] - [6] . Different from conventional orthogonal multiple access (OMA) schemes, NOMA is able The associate editor coordinating the review of this manuscript and approving it for publication was Zhenyu Xiao . to multiplex multiple users in the same (time/frequency/code) resource block with different power levels. In the downlink, NOMA is realized by superposition coding at base station (BS) and successive interference cancellation (SIC) at user side. In the uplink, when arriving at BS, the signal with different power from different users are decoded at specific decoding order with advanced multiuser detector.
The integration of NOMA and mmWave communication has recently received considerable attention and has been investigated in [7] - [9] . Considering the short transmission range of mmWave signals, a large antenna array is often deployed at BS to perform single-beam beamforming or multi-beam beamforming for NOMA transmission. The single-beam NOMA scheme is adopted to serve multiple users within the same analog beam direction in most of mmWave NOMA literature, e.g., [2] , [3] , [10] . The multiplexed users have similar angle-of-departure (AOD) from the BS and the direction of analog beam is randomly generated VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ by BS with a single radio frequency (RF) chain. In general, the single-beam NOMA scheme is applicable to the scenario where users are densely deployed and it is always possible to find multiple users located within the narrow beamwidth of a single beam. However, the narrow analog beamwidth in mmWave band restricts the application of single-beam NOMA scheme. When users have separated AODs, the single-beam NOMA scheme is no longer suitable and the multi-beam NOMA scheme [11] , [12] is proposed to address the large AOD-difference issue. In the multi-beam NOMA scheme, a digital precoder in baseband and an analog beamformer in RF band are employed to implement signal processing. Moreover, a beam splitting technique, which divides the large antenna array into multiple subarrays, is introduced to generate multiple analog beams with a single RF chain, and these beams are directed to users with relatively large angular difference. In a nutshell, multi-beam NOMA scheme exploits the channel sparsity in the user domain and is thus applicable to the scenario where users are deployed with an arbitrary AODs distribution. However, when users are not deployed very densely or very sparsely, which is often the case, a more flexible mmWave NOMA scheme is required. Power allocation among the paired users is also a fundamental problem in NOMA transmission [13] - [17] . A dynamic power allocation is proposed and compared with fixed power allocation in terms of outage probability of paired users in sub-6 GHz NOMA networks [18] . In contrast to sub-6 GHz NOMA networks, power allocation intertwining with beamforming design plays a pivotal role in mmWave NOMA networks. In a mmWave NOMA system with hybrid beamforming structure, a joint hybrid beamforming and power allocation problem for maximizing the achievable sum rate is formulated and solved in [19] . When employing random beamforming with the pure analog beamforming structure, the optimal power allocation is investigated to maximize the sum rate in mmWave NOMA networks [10] . Moreover, a joint power allocation and beamforming vector design is conducted for maximum sum rate in downlink and uplink mmWave NOMA networks in [7] , [8] , respectively. In multi-beam mmWave NOMA networks, the joint power control and beamforming vector design is critical to improve sum rate. When the beam splitting technique is applied to generate multiple beams with a single RF chain, the beamforming vector design is equivalent to antenna resource allocation in the multi-beam case. A joint user pairing, antenna and power allocation algorithm for sum rate maximization in multi-beam NOMA networks is designed based on coalition formation game theory [12] . However, to our best knowledge, a joint power and antenna allocation scheme has no yet been studied for maximizing the sum rate of a flexible mmWave NOMA networks.
In this paper, we propose an agile-beam NOMA scheme for mmWave communication networks, which is applicable to a wide range of scenarios with an adaptive capacity to flexibly switch between single/multi-beam NOMA transmission. Building upon the asymptotic analysis of sum rate, the asymptotic switching point between single/multi-beam NOMA transmission mode is derived with equal resource allocation. Moreover, an optimal power and antenna resource allocation in agile-beam NOMA scheme for maximizing sum rate is investigated. In summary, Table 1 , at the top of this page, shows the comparison between our work and the aforementioned mmWave NOMA literature, and the key contributions of this paper are listed as follows.
• An agile-beam NOMA scheme with an adaptive capability to flexibly switch between the single-beam or multi-beam NOMA transmission is proposed for mmWave communication networks. BS employs single-beam or multi-beam NOMA transmission depending on the paired users' phase difference, which is related to the angle information of users during the beam training phase. In contrast to the fixed single-beam NOMA scheme and fixed multi-beam NOMA scheme, the proposed agile-beam NOMA scheme overcomes the constraint of user distribution and ensures BS to communicate with the paired users by NOMA transmission.
• With equal resource allocation strategy, the asymptotic switching point is derived by assuming a large number of BS antennas. In the proposed agile-beam NOMA scheme, BS selects the beam mode that achieves better performance in terms of sum rate. The mode switching point helps BS to make preliminary selection of beam mode, and the asymptotic sum rate of agile-beam NOMA scheme is derived.
• A joint power and antenna resource allocation scheme is proposed to maximize the sum rate of agile-beam mmWave NOMA networks. Given the switching point and phase difference of paired users, the optimization problem of maximizing sum rate of the proposed scheme is decomposed into the single-beam case and the multi-beam case, respectively. In the single-beam transmission case, the optimal power allocation coefficient in closed-form is obtained by exploiting the monotonicity of the optimization objective. On the other hand, following the idea of branch and bound (BB) approach, an optimal solution of power and antenna allocation is provided in multi-beam case. In addition, the proposed agile-beam NOMA scheme is generalized to multi-user case.
• Comprehensive simulation results are provided to validate the asymptotic analysis and demonstrate the advantages of the proposed agile-beam NOMA scheme. The effectiveness of the asymptotic switching point under equal resource allocation is verified. Using the sum rate of an intelligent optimization algorithm as a benchmark, the maximal sum rate with the optimal solution is provided and compared. In addition, simulation results show that the sum rate of agile-beam NOMA scheme after optimization achieves significant improvement, compared with the sum rate with equal resource allocation. The remainder of this paper is organized as follows. We first describe the system model in Section II. Then, beamforming design in single-beam and multi-beam cases are provided, and asymptotic analysis is performed in Section III. In Section IV, the optimization problem for maximizing sum rate is formulated and solved. The proposed agile-beam NOMA scheme is extended to more general multi-user case in Section V. Simulation results are provided in Section VI. Lastly, Section VII concludes this paper.
Symbol Notation: Hereafter, j = √ −1, a and a designate a scalar and a vector, respectively. Superscripts (·) T and (·) H denote transpose and conjugate transpose operation, respectively. | · | denotes the absolute value of a complex scalar. E(·) denotes the expectation operation. · and · represent floor operation and ceil operation, respectively.
II. SYSTEM MODEL A. SYSTEM MODEL
Without loss of generality, we consider a downlink transmission scenario in an agile-beam mmWave NOMA network as shown in Fig. 1 , where a BS switches between the single-beam and multi-beam transmission flexibly with a RF chain to serve two paired users U i (i = 1, 2). BS is equipped with a uniform linear array (ULA) of M antenna elements and U i is equipped with a single antenna. Considering decoding complexity at receiver increasing with the number of NOMA users, we first focus on the case of two NOMA users, and later we will extend to more general multi-user case.
In the 2-user NOMA system, we assume that BS transmits a signal s 1 and s 2 to U 1 and U 2 , where E(|s 1 | 2 ) = 1 and E(|s 2 | 2 ) = 1, with transmission power P t and power allocation coefficients √ p 1 and √ p 2 , respectively, satisfying p 1 + p 2 = 1. Therefore, the superimposed signal of s 1 and s 2 is written as
and the received signal at U i is
where h i ∈ C M ×1 is the channel response vector between BS and U i , and w ∈ C M ×1 denotes beamforming vector. n i denotes the Gaussian white noise with power σ 2 at U i .
B. CHANNEL MODEL
The mmWave channel model consists of a lot of multipath components (MPC) [19] - [22] . Similar to [23] , the mmWave channel vector from BS to user i can be expressed as
where the first term in (3) represents the line-of-sight (LOS) link, L denotes the number of paths, φ i,l represents the AOD for U i of the l-th path. |α i,l | 2 denotes the channel gain for the l-th path, which is the product of small scale fading gain and path loss gain, and a(·) ∈ C M ×1 is a beam steering vector defined as
In addition, as measured in [23] , [24] , in mmWave communication, a LOS link can achieve 20 dB gain over those nonline-of-sight (NLOS) links, meaning that the LOS link has a dominant effect compared with those NLOS links and one of NLOS paths becomes the dominant path even if the LOS link does not exist. Therefore, the mmWave channel can be modeled only considering the dominant path. Following [2] , [3] , [7] , [23] , we adopt the single-path channel model. The single-path channel between BS and U i can be expressed as
In the considered 2-user mmWave NOMA networks, the channel gains of paired users are known by BS. Without loss of generality, we assume |α 1 | > |α 2 |, which means that U 1 is the strong user and its channel gain is better.
III. BEAMFORMING DESIGN AND ASYMPTOTIC ANALYSIS A. BEAMFORMING VECTOR DESIGN
Beamforming with a large antenna array is usually adopted in mmWave NOMA networks, which is a significant difference between the mmWave NOMA and sub-6 GHz NOMA systems. The agile-beam NOMA scheme enables BS to serve the two users with a single beam or two beams flexibly. Following [25] , BS can adjust the beamwidth to facilitate NOMA transmission of two users in single-beam NOMA case. On the other hand, BS employs a beam splitting technique and generates two beams to facilitate NOMA transmission in case of multi-beam NOMA.
1) SINGLE-BEAM CASE
In the case of single-beam transmission mode, according to the beamwidth required by these two users, only N (N ≤ M ) consecutive antennas of ULA are active. Therefore, the beam vector w s steering towards AOD φ can be defined as [25] 
where w s ∈ C M ×1 and (M − N ) entries are zero, indicating those antenna elements are inactive, correspondingly. The beamforming gain of U 1 can be obtained as
where ψ = 2πd λ (cos(φ 1 ) − cos(φ)) denotes the phase difference between the signal departing from φ and φ 1 . Furthermore, the half-power beamwidth can be approximated as [25] ψ BW ≈ 0.891 2π N .
After beam tracking, the AOD φ i of U i is known to BS and the phase difference |ψ 12 | can be given as |ψ 12 | = 2πd λ | cos(φ 1 )−cos(φ 2 )|. Similar to [25] , in order to maximize the system sum rate, beam vector is designed to steer the beam towards the strong user U 1 . Therefore, to ensure two users covered within the main lobe, 2|ψ 12 | is the desired half-power beamwidth. Furthermore, given the specific phase difference |ψ 12 |, the required number of active antennas can be obtained by substituting 2|ψ 12 | into (8), i.e., N = 0.891 π |ψ 12 | . Given M antennas equipped at BS, the number of active antennas can be written as
Then, the corresponding main lobe gain of this analog beam can be approximated as
Based on the steering direction and the required number of active antennas mentioned above, the beam vector of a single analog beam to serve U 1 and U 2 can be obtained by substituting (9) into (6) and letting φ = φ 1 .
2) MULTI-BEAM CASE
In the case of multi-beam transmission mode, a beam splitting technique is utilized, and all antenna elements are divided into two subarrays to generate two analog beams serving U 1 and U 2 simultaneously with M 1 antenna elements and M 2 antenna elements, respectively, satisfying M 1 +M 2 = M . Beam vector for user U 1 is given by
and beam vector for M 2 antennas subarray is defined as
where
and the term e −jM 1 π cos(φ 1 ) is used to synchronize the phase of the two subarrays [12] . As a result, the analog precoder for all M antennas can be written as
where w m ∈ C M ×1 indicates that M antenna elements are always active in multi-beam NOMA transmission.
B. SUM RATE 1) SINGLE-BEAM CASE
In the single-beam NOMA transmission, the superimposed signal s is transmitted from BS to U i (i = 1, 2) and SIC is implemented at users. According to the decoding order of NOMA, U 2 treats its partner's signal as noise and directly decodes its information. Therefore, the signal-tointerference-plus-noise ratio (SINR) at U 2 can be expressed as
where ρ = P t σ 2 denotes the ratio of transmit power to noise power. On the other hand, U 1 first tries to decode its partner's information with
Then U 1 removes the information of U 2 and decodes its own message with
Assuming |α 1 | > |α 2 |, we can obtain SINR 1→2 > SINR 2 . Therefore, the achievable rate of U i (i = 1, 2), denoted by R i , are written as
The achievable sum rate R s = R 1 + R 2 in single-beam case can be expressed in (18) , as shown at the bottom of next page.
2) MULTI-BEAM CASE
In the multi-beam transmission case, BS transmits the superimposed signal and employs beamforming design to ensure that the order of effective channel gain keeps the same as the original channel order. Therefore, appropriate antenna allocation is required to satisfy a H (φ 1 
which indicates that the SINR of U 1 decoding its partner's information is larger than the SINR received by U 2 , i.e., U 1 can decode its partner' information successfully. Then, the achievable rate of U i in the multi-beam transmission is expressed as
Finally, the achievable sum rate R m = R 1 + R 2 in multi-beam case can be derived in (20) at the bottom of this page.
C. NOMA MODE SWITCHING POINT
In the proposed agile-beam NOMA scheme, for the given two paired users, BS chooses the transmission mode with higher achievable sum rate, i.e.,
Therefore, from the perspective of maximizing the achievable sum rate, there exists an optimal switching point between the single-beam mode and the multi-beam mode, which depends on the effective channel gains of users, power and antenna resource allocation. In order to obtain clear insight, we assume an equal power allocation in single-beam mode, and an equal power and antenna resource allocation in multi-beam mode, which is commonly assumed in resource allocation design for the multi-beam mmWave-NOMA scheme in [12] . Then, the beamforming gain becomes the major factor impacting on the achievable sum rates. As the phase difference |ψ 12 | of the paired users increases, BS adjusts beamwidth to serve the paired users and then the beamforming gain decreases, resulting in the decline of achievable sum rate in single-beam case. When the phase difference increases to a certain threshold T , the achievable sum rate of single-beam decreases to less than that of multibeam, which implies T is the optimal switching point from the perspective of sum rate. In a nutshell, if |ψ 12 | < T , the sum rate of single-beam is always larger than that of multibeam. Otherwise, it is always smaller than the sum rate of multi-beam. Subsequently, we derive the expression of the switching point T . With equal power allocation and antennas allocation, i.e., p 1 = p 2 = 1 2 and M 1 = M 2 = M 2 , the achievable sum rates in the single-beam and multi-beam cases are derived in (22) , as shown at the bottom of next page. Therefore, the switching point T is ψ * 12 , which makesR s =R m . Unfortunately, the achievable sum rates in the single-beam and multi-beam cases in (22) are quite complicated. For simplicity, the asymptotic performance analysis is carried out as follows.
D. ASYMPTOTIC ANALYSIS
For simplicity of calculation, we focus on asymptotic analysis when the number of antennas equipped at BS and the allocated number of antennas for user i are sufficiently large, i.e., M → ∞ and M i → ∞.
1) ASYMPTOTIC SWITCHING POINT
In the single-beam case, we have lim
= 1. Furthermore, the limit of sum rateR s in (22) in the single-beam case can be derived as
Similarly, the asymptotic sum rateR m for multi-beam case can be expressed as follows.
In the single-beam case, we have the beamforming gain
. The beamforming gain in the multi-beam case can be approximated in the following lemma.
Lemma 1: The beamforming gain of U 1 in the multi-beam case can be approximated as
Proof: When employing the MPC channel model, by utilizing the beam response function of ULA, the effective channel gain of U 1 can be expressed as
where ψ i,l = π 2 cos(φ 1,l ) − cos(φ i,0 ) (i = 1, 2), φ i,0 denotes the AOD of LOS path at U i , and φ i,l denotes the AOD of l-th at U i . By applying lim
, indicating the asymptotic beamforming gain of U 1 with MPC channel model can be approximated as (25) . Similarly, the beamforming gain of U 1 in single-path channel model can be written as
. (27) Note that lim
sin(ψ 12 ) → 0 with ψ 12 > 0. Therefore, the beamforming gain of U 1 in single-path channel model can be also approximated by (25) .
The optimal switching point |ψ 12 | * makes lim
Therefore, with equal power and antenna allocation, the asymptotic switching point denoted as T is only determined by the number of antennas equipped at BS.
2) ASYMPTOTIC SUM RATE
The achievable sum rates expressed in (18) and (20) are quite complicated. The asymptotic sum rate of agile-beam NOMA system can be derived as follows to facilitate subsequent optimization. In single-beam case, when U 1 and U 2 are covered within the main lobe, we assume that the beamforming gains of U 1 and U 2 are similar and equal to the main lobe gain G m . Therefore, the effective channel gain of U 1 and U 2 can be written as
where i = 1, 2, which implies the asymptotic beamforming gain at U 2 is larger than the real gain. In the other case, we assume that the number of antennas equipped at BS and the number of antennas allocated to users are sufficiently large. As a result, the effective channel gain of U 1 can be approximated by
Similar to U 1 , we can obtain the approximate beamforming gain of U 2 as
Therefore, the effective channel gain of U 2 can be approximated as follows.
Based on the derived switching point and asymptotic beamforming gain mentioned above, the asymptotic sum rate R a can be derived in (33) at the bottom of next page, where c = ρmin M , 0.891 π |ψ 12 | .
IV. SUM RATE OPTIMIZATION
In this section, we optimize the power and antenna allocation to improve the achievable sum rate. In the proposed agile-beam NOMA scheme, given a specific phase difference |ψ 12 | between U 1 and U 2 , BS compares |ψ 12 | with T , and then employs single-beam transmission if |ψ 12 | ≤ T , or otherwise multi-beam transmission. Therefore, the sum rate maximization problem of agile-beam NOMA scheme can be decomposed into two subproblems, i.e., maximizing the sum rate in single-beam case and maximizing the sum rate in multi-beam case.
A. SINGLE-BEAM CASE
In the case of single-beam transmission, the problem is formulated as
which are from the expression in (33a) with c = ρmin M , 0.891 π |ψ 12 | . r 1 and r 2 denote the minimal rate constraints for U 1 and U 2 , respectively, and we assume that U 1 and U 2 share an identical minimal rate constraint, i.e., r 1 = r 2 .
Proposition 1: The optimal solution to the problem (34) can be obtained as
Proof:
We define a function f (p 1 ) expressed as
Then we have R s = log 2 (f (p 1 )). Using the monotonicity of function log 2 (·), the problem of maximizing R s is converted to maximize the function f (p 1 ) with the constraints in (34). Firstly, taking the first derivative of function f (p 1 ), we can obtain
With the assumption that U 1 is the strong user, the first derivative f (p 1 ) is positive, i.e., f (p 1 ) > 0. As a result, the objective function R s increases monotonically with the increasing of p 1 . The first constraint in (34) R 1 ≥ r 1 gives the lower bound of p 1 , i.e., p 1 ≥ 2 r 1 −1 c|α 1 | 2 . Similarly, the second constraint R 2 ≥ r 2 gives the upper bound, i.e., p 1 ≤
. Therefore, the optimal power allocation coefficient of U 1 is (36), which maximizes the achievable sum rate in single-beam case.
B. MULTI-BEAM CASE
When the phase difference |ψ 12 | is larger than T , BS switches to multi-beam NOMA transmission. To maximize sum rate of multi-beam case, the problem is formulated as
which are from the expression in (33b). Obviously, the formulated problem is a mixed integer non-linear programming problem including the integer variable M 1 and consecutive variable p 1 . Based on the idea of BB algorithm [26] - [28] , the original problem in (39) can be converted to its relaxation problem, i.e., removing the constraint of integer variable M 1 ∈ Z, which is rewritten as
(41)
Proposition 2: The optimal solution to the relaxation problem (41) is
is obtained by substituting M 1,2 into (44) and p 0 can be any value satisfying rate constraints.
Proof: A function g(M 1 , p 1 ) can be defined as
Then we have R m = log 2 (g(M 1 , p 1 )). With the monotonicity of log 2 (·), the problem (41) can be solved by maximizing the function g(M 1 , p 1 ) with the constraints in (41).
The maximum point of a continuous function in a bounded closed set is either an extreme point or located in boundary. We first take the partial derivative of function g(M 1 , p 1 ) on variable p 1 , i.e., Let the partial derivative g p 1 be zero, we can obtain M 1,m = |α 2 |M |α 1 |+|α 2 | . When M 1 = M 1,m , g(M 1 , p 1 ) maintains a constant within the boundary 3 shown in Fig. 2 . Within the feasible region except for boundary 3, the function g is monotonically increasing on variable p 1 . Further, let the gradient of g(M 1 , p 1 ) be zero, i.e., (g M 1 , g p 1 ) = 0. Then, we can obtain a stationary point (M 1,m , p 1,m ). Obviously, the stationary point is located in the boundary 3. Therefore,
The value of objective function at point (M , 0) is g(M , 0) = 1. And the value at point (M , 1) is g(M , 1) = 1 + ρ|α 1 | 2 M . Clearly, g(M , 0) is smaller than g(M 1,m , p 1,m ) while g(M , 1) is larger than g(M 1,m , p 1,m ). As a result, the stationary point (M 1,m , p 1,m ) is just a saddle point rather than an extreme point, meaning that the objective function does not have an extreme point.
(1) Within boundary 1, we have R 1 = r 1 , and then we can obtain p 1 = M (2 r 1 −1) ρM 2 1 |α 1 | 2 . Substituting p 1 = M (2 r 1 −1) ρM 2 1 |α 1 | 2 into g(M 1 , p 1 ), we can have g 1 (M 1 ) = g(M 1 , p 1 ), which is a function of variable M 1 . After taking the first derivative and letting g 1 = 0, we can obtain the extreme point of g 1 , i.e., M 1,1 . The correspond point within boundary 1 is denoted as (M 1,1 , p 1,1 ). Due to the monotonicity of g(M 1 , p 1 ) on variable p 1 , the value of g(M 1 , p 1 ) at point (M 1,1 , p 1,1 ) is smaller than the one at point (M 1,1 ,p 1,1 ), which is an intersection point between line M 1 = M 1,1 and boundary 2. Therefore, the optimal solution of problem (41) does not locate within the boundary 1.
(2) Within boundary 2, we have R 2 = r 2 , and then we can obtain
We can have g 2 (M 1 ) = g(M 1 , p 1 ), which is obtained by substituting (44) into g(M 1 , p 1 ). Taking the first derivative and letting g 2 = 0, the extreme point of function g 2 (M 1 ) within the boundary 2 is denoted as
Substituting M 1,2 in (45) into (44), we can obtain the corresponding power allocation coefficient p 1,2 . Therefore, the optimal solution within boundary 2 is (M 1,2 , p 1,2 ) and corresponding function value is g(M 1,2 , p 1,2 ).
(3) Within boundary 3, as mentioned above, the function g(M 1 , p 1 ) maintains a constant, i.e., ρM |α 1 | 2 |α 2 | 2 (|α 1 |+|α 2 |) 2 + 1. Furthermore, we compare the value of g (M 1,2 , p 1,2 ) with the constant ρM |α 1 | 2 In Algorithm 1, every possible point in feasible domain is searched by exhaustive subdivision with bisection, and thus the solution obtained from Algorithm 1 is global optimal. Similar to [10] , following the idea of BB approach, the complexity of Algorithm 1 is determined by the number of layers L in the BB tree and can be approximated as O(2 L ).
V. EXTENSION TO GENERAL MULTI-USER CASE
In previous sections, considering the decoding complexity at receiver terminal, we focus on the case that two users are paired for NOMA transmission with only a single RF chain equipped at BS, which has been included in the 3GPP standard [29] . Naturally, we need to consider the extension to more general multi-user case. For simplicity, aiming at low-cost implementation, we focus on a single RF chain equipped at BS in more general multiuser case. Following the idea of switching between the single-beam and multi-beam NOMA transmission modes proposed in previous sections, we consider a scenario where BS equipped with M antennas, associated with a RF chain, supports N users (N ≥ 3). When the maximal phase difference of all users is smaller than a switching point, BS employs single-beam transmission to serve these users. When the maximal phase difference of all users is larger than the switching point, a beam splitting technique is adopted to generate multiple beams and each beam steers to one user similarly to the previous section in this paper.
A. SWITCHING POINT IN MULTIUSER CASE
We assume that N users U 1 , U 2 , · · · , U N (N ≥ 3) are sorted in descending order of channel gain, i.e., |α 1 | ≥ |α 2 | ≥ · · · ≥ |α N |. If the maximal phase difference
, is smaller than the switching point T , i.e., Ψ ≤ T , which is derived subsequently, BS employs the single-beam transmission mode in the agile-beam NOMA scheme, as shown in Fig. 3(a) . Otherwise, all antennas are divided into N subarrays and N beams are generated with each beam steering to one user as shown in Fig. 3(b) . Generally, there may be other complicated beam splitting methods, i.e., each beam steering to several users; however, in this paper, we focus on investigating the flexibility of agile-beam NOMA scheme and adopt the beam splitting technique illustrated in Fig. 3 .
We first derive the optimal switching point between the single-beam and multi-beam transmission modes in more general multiuser case. In the single-beam case, we still assume that the beam vector w s steers towards the AOD φ 1 with maximal channel gain of N users in order to maximize the system sum rate [25] and the beamforming gain of U i is approximated as |a H (φ i )w s | 2 ≈ min M , 0.891 π Ψ , where 1 ≤ i ≤ N . Therefore, the achievable sum rate in single-beam NOMA transmission in more general multiuser case can be approximated as
where c = ρmin M , 0.891 π Ψ , |α i | and p i represent the channel gain and power allocation coefficient of U i , respectively. In a large number of antennas regime, lim 
In the multi-beam case, the beamforming gain of U i can be approximated as |a
Similar to the singlebeam case, the asymptotic sum rate of multi-beam NOMA in more general multiuser case can be approximated as
With equal power and antenna allocation, we have M 1 = M /N . The optimal switching point Ψ * makes lim
It can be observed that the switching point is a function of the number of users N . As N increases, the value of switching point increases, indicating BS prefers to employ single-beam NOMA transmission, which is resulted from the beamforming loss caused by beam splitting technique in multi-beam case. When the number of subarrays is large in multi-beam NOMA transmission, tremendous beamforming gain loss may be caused. As a result, it is important to note that the number of users N in a NOMA group should not be too large, which can be controlled by the user pairing strategy.
B. SUM RATE OPTIMIZATION IN MULTIUSER CASE
The problem of maximizing sum rate of agile-beam NOMA scheme in more general multiuser case can be also decomposed into two cases, i.e., the single-beam case and multibeam case.
In the single-beam NOMA case, with the approximate beamforming gain, the sum rate of N users expressed in (47) can be rewritten as
Therefore, the problem of maximizing sum rate in the case of single-beam NOMA transmission is formulated as
where p = [p 1 , p 2 , · · · , p N ]. The solution of problem (34) may not be used in (51). Fortunately, the problem (51) can be proved to be convex and solved with the convex optimization tool in [32] . Similarly, in the multi-beam NOMA case, the sum rate of N users can be expressed as
Therefore, the problem of optimizing the sum rate in the case of multi-beam NOMA transmission can be formulated as
Although the solution of problem (39) can not be used directly, the BB algorithm can still work to obtain the optimal power and antenna allocation in more general multiuser case. Remark 1: There are many other methods to support more users in agile-beam NOMA scheme. One method is still using a single RF chain and designing the beam weighted vector to shape several beams with each beam steering to several users rather than only one user in this paper. In such case, all users are divided into several sub-groups and each beam steers to a sub-group. The problem of sub-group division, decoding order between different sub-groups and within a subgroup need to be investigated further. In addition, we need to consider antenna and power allocation between different sub-groups and the power allocation within each sub-group. In general, this method is such difficult that we leave it to future work.
Remark 2: A hybrid beamforming structure with multiple RF chains can be employed to generalize the agile-beam NOMA scheme to more general multiuser case. The transmitter is equipped with multiple RF chains and each RF chain serves two NOMA users with the proposed agile-beam NOMA scheme. This method has the potential to increase the number of users by N RF times, where N RF is the number of RF chains. However, this method is complicated and is at cost of RF chain resource.
Remark 3: Combining the agile-beam NOMA scheme with OMA strategies can manyfold increase the number of users. A hybrid NOMA-TDMA strategy that combines the features of NOMA and TDMA is utilized in [30] , [31] . The transmission time can be divided into multiple time slots in TDMA scheme and each time slot can be assigned to communicate with two users in the agile-beam NOMA scheme. In such case, the proposed agile-beam NOMA scheme can be directly used with OMA strategies to more general multiuser case.
VI. PERFORMANCE EVALUATION
In this section, we evaluate the performance of agile-beam NOMA scheme in terms of sum rate. In the considered mmWave NOMA networks, we assume that users are distributed according to Poisson point process and the channel gains of paired users U 1 and U 2 are |α 1 | = 0.9 and |α 2 | = 0.2, respectively. The number of antennas M equipped at BS ranges from 64 to 512.
A. EFFECTIVENESS OF SWITCHING POINT
To show the effectiveness of the switching point for beam mode selection under equal resource allocation in large number of antennas regime, we provide the comparison between the exact switching point and the asymptotic switching point. The label 'APP' represents the asymptotic switching point obtained by (28) and the label 'ANA' represents the exact switching point obtained with exact sum rate rather than asymptotic sum rate. As shown in Fig. 4 , with the increase of M , both the exact and asymptotic curves present a trend of decline. In addition, the asymptotic results are close to the exact switching point, which demonstrates the effectiveness of asymptotic results. And the gap between the exact results and asymptotic results decreases as the number of antennas M increases. When M increases, the approximate expression of beamforming gain is closer to exact results, which is the reason for smaller gap. The asymptotic switching point is obtained with the asymptotic sum rate in (23) and (24) in a large number of antennas regime, which results in slight decrease of gap between the 'ANA' and 'APP' with the increase of M . In addition, the switching point decreases with the increase of M , meaning that BS prefers to perform multi-beam NOMA transmission, which can be interpreted as follows. The beamforming gain loss resulted from adjusting beamwidth in the single-beam case is larger than the one resulted from sub-array technique in multi-beam case.
B. COMPARISON BETWEEN THREE NOMA SCHEMES
In Fig. 5 , the number of antennas equipped at BS is fixed at M = 256, and we compare the proposed agile-beam NOMA scheme with fixed single-beam NOMA and fixed multi-beam NOMA in terms of sum rate when equal power and antenna resources are allocated to users. In Fig. 5 , with the increase of phase difference |ψ 12 |, the sum rate of fixed single-beam NOMA scheme drops rapidly as a result of beamforming gain decreasing. In the proposed agile-beam NOMA scheme, with equal power and antenna resources allocation, the obtained switching point enables BS to switch single/multi-beam NOMA transmission flexibly. Compared with fixed singlebeam NOMA scheme [2] , [3] and fixed multi-beam NOMA scheme [11] , [12] , the agile-beam NOMA scheme improves the system performance in terms of sum rate. In addition, we employ the MPC channel model used in [20] and the label 'MPC' in Fig. 5 represents the sum rate of MPC channel. Similar to [20] , the number of multipaths is determined by max{P 10 , 1}, where P 10 denotes the Poisson random variable with mean 10, and AODs are modeled by the Laplacian distribution with mean uniformly distributed over [−π, π) and angular standard deviation σ A = 20. As can be observed in this figure, there is no significant difference between the sum rates of MPC channel and the single-path channel, which justifies the assumption of single-path channel model in (5) .
C. EFFECTIVENESS OF OPTIMAL SOLUTION
For comparison, in the single-beam case, the maximal sum rate with the optimal power allocation obtained by convex optimization tool in [32] is provided and labeled as 'CO'. On the other hand, fruit-fly optimization algorithm [33] is one of intelligent optimization algorithms (IOAs), and it is useful to solve the mixed integer non-linear programming problem expressed in (39). The fruit-fly optimization algorithm is a global optimization on the evolution of foraging behavior of fruit-fly groups, and the sum rate obtained with the fruit-fly optimization algorithm is labeled as 'IO'.
To demonstrate the effectiveness of optimal resource allocation of problem (34) and (39), we employ the optimal results of 'CO' and 'IO' as benchmarks. In the single-beam (20) with the optimal solution to problem (39). The label 'IO-Exact (20) ' denotes the intelligent optimization with exact sum rate in (20) .
The top subgraph in Fig. 6 shows the maximal sum rates with optimal power allocation versus varying rate constraint in single-beam case, where the phase difference |ψ 12 | is fixed at 0.03. From the top subgraph, the results of 'AO-Exact (18)' and 'AO-Asymptotic (33a)' are close to 'CO [32]-Exact (18)' and 'IO-Exact (18)', which verified the effectiveness of asymptotic analysis and solution to optimization problem (34). Compared with 'CO [32]-Exact (18)' using convex optimization tool, the proposed algorithm utilizes the monotonicity of objective function and reduces the calculation complexity significantly. The bottom subgraph in Fig. 6 provides comparison between the maximal sum rate with the optimal solution to (39) and the one with fruit-fly optimization algorithm in multi-beam case, where the phase difference is |ψ 12 | = 0.15. From the bottom subgraph, 'AO-Exact (20) ' and 'AO-Asymptotic (33b)' are close to 'IO-Exact (18)', which verified the effectiveness of asymptotic analysis and solution to optimization problem (39). Fig. 7 shows the sum rates before and after optimization. The label 'EA' represents equal power and antenna resource allocation, and 'OAI' represents optimizing resource allocation for maximizing sum rate in fixed single-beam and fixed multi-beam NOMA schemes independently. The labels 'ANA' and 'APP' represent the asymptotic sum rate and exact sum rate of agile-beam NOMA scheme.
D. SUM RATES BEFORE AND AFTER OPTIMIZATION
We can observe that the sum rates of the fixed single-beam NOMA scheme before and after optimization present minor difference. When BS is equipped with a large number of antennas, the beamforming gain at user is large and the power allocation has less impact on the achievable sum rate, which is the reason for the minor difference. Nevertheless, the sum rates in fixed multi-beam NOMA scheme before and after optimization present significant improvement. In the agile-beam NOMA scheme, the asymptotic beamforming gain results in the asymptotic sum rate after optimization slightly above exact results. In addition, the sharp step change of sum rate in agile-beam NOMA scheme when switching from the single-beam case to the multi-beam case shows that the obtained switching point in (28) is not the optimal switching point when optimizing resource allocation in single-beam and multi-beam case independently. The former is marked as 'switching point with EA' and the latter is marked as 'switching point with OAI' in Fig. 7 , and there is a little difference between them. The switching point in (28) is obtained with the asymptotic sum rate while the optimal switching point is obtained by optimizing the exact sum rate of single-beam case and multi-beam case independently, which is the reason for the difference. Based on the switching point obtained in this paper, once the BS receives the angle feedback of users, BS preliminarily selects the beam mode, which improves the performance of networks in some degree compared with fixed single-beam and multi-beam schemes.
VII. CONCLUSION
In this paper, an agile-beam NOMA scheme with adaptive capability to flexibly switch between single/multi-beam transmission is proposed for mmWave communication networks. The asymptotic switching point between single/multi-beam case is derived in large number of antennas regime with equal power and antenna resource allocation. Based on phase difference of paired users |ψ 12 | and asymptotic switching point, the problem of maximizing the achievable sum rate in agile-beam NOMA scheme is decomposed into optimizing power and antenna resource allocation in single/multi-beam case. Moreover, the optimal solution is obtained by employing the monotonic of objective function and BB algorithm. Furthermore, we extend the agile-beam NOMA scheme to more general multi-user case. In the simulation, the effectiveness of asymptotic switching point is validated. Numerical simulation results show that the optimal solution obtained in this paper can achieve sum rate close to intelligent optimization algorithms. In addition, the sum rate with optimal solution achieves significant gain over equal resource allocation. 
